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ON MIXING AND COMPLETELY MIXING PROPERTIES
OF POSITIVE L1-CONTRACTIONS OF FINITE VON
NEUMANN ALGEBRAS
FARRUKH MUKHAMEDOV, SEYIT TEMIR, AND HASAN AKIN
Abstract. Akcoglu and Suchaston proved the following result: Let
T : L1(X,F , µ) → L1(X,F , µ) be a positive contraction. Assume that
for z ∈ L1(X,F , µ) the sequence (Tnz) converges weakly in L1(X,F , µ),
then either lim
n→∞
‖Tnz‖ = 0 or there exists a positive function h ∈
L1(X,F , µ), h 6= 0 such that Th = h. In the paper we prove an ex-
tension of this result in finite von Neumann algebra setting, and as a
consequence we obtain that if a positive contraction of a noncommuta-
tive L1-space has no non zero positive invariant element, then its mixing
property implies completely mixing property one.
1. Introduction
It is known (see [17]) that there are several notions of mixing (i.e. weak
mixing, mixing, completely mixing e.c.t.) of measure preserving transfor-
mation on a measure space in the ergodic theory. It is important to know
how these notions are related with each other. A lot of papers are devoted
to this topic. For example, recently, in [5] relations between the notions of
weak mixing and weak wandering have been studied.
In this paper we deal with the notions of mixing and completely mix-
ing. Now recall them. Let (X,F , µ) be a measure space with probability
measure µ. Let L1(X,F , µ) be the associated L1-space. A linear opera-
tor T : L1(X,F , µ) → L1(X,F , µ) is called positive contraction if Tf ≥ 0
whenever f ≥ 0 and ‖T‖ ≤ 1. Let L10 = {f ∈ L
1(X,F , µ) :
∫
fdµ = 0}.
A positive contraction T in L1(X,F , µ) is called mixing (resp. completely
mixing) if T nf tends weakly to 0 for all f ∈ L1(X,F , µ) (resp. ‖T nf‖ tends
to 0 for all f ∈ L10). A relation between these two notions was given in (see
[18]), which can be formulated as follows (see, [17], Ch.8, Th-m 1.4):
Theorem 1.1. Let T : L1(X,F , µ) → L1(X,F , µ) be a positive contraction.
Assume that there exists no non zero y ∈ L1(X,F , µ), y ≥ 0 such that
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Ty = y. If for z ∈ L1(X,F , µ) the sequence (T nz) converges weakly to some
element of L1(X,F , µ), then lim
n→∞
‖T nz‖ = 0. In particular, if T is mixing,
then T is completely mixing.
This theorem gives an answer to the problem whether K-automorphisms
of σ-finite measure space are mixing, and showed that, in fact, invertible
mixing measure preserving transformations of σ-finite infinite space do not
exist (see [18]) (see for review [17]).
Later in [1] Akcoglu and Sucheston proved an extension of Theorem 1.1,
which is formulated as follows
Theorem 1.2. Let T : L1(X,F , µ) → L1(X,F , µ) be a positive contraction.
Assume that for z ∈ L1(X,F , µ) the sequence (T nz) converges weakly in
L1(X,F , µ), then either lim
n→∞
‖T nz‖ = 0 or there exists a positive function
h ∈ L1(X,F , µ), h 6= 0 such that Th = h.
By means of this theorem in [1],[11] an extension of Blum-Hanson theorem
was proved [6], which states that if T is a positive contraction on L1(X,F , µ),
then T is mixing if and only if 1n
n∑
i=1
T kif converges strongly in L1(X,F , µ)
for every f ∈ L1(X,F , µ) and increasing sequence of integers {kn}: 0 ≤
k1 < k2 · · · . Other extensions of this result have been given in [4].
The formulated Theorem 1.2 has a lot of applications, here we mention
only a few of them. Namely, using it in [8] the existence of an invariant
measure for given positive contraction T on L1(X,F , µ) was proved and in
[25] a criterion of strong asymptotically stability for positive contractions
was given by means of Theorem 1.2.
In this paper we are going to extend these results for quantum dynamical
systems over von Neumann algebras. Here by quantum dynamical systems
we mean a linear, positive, weak continuous mapping α of a von Neumann
algebra M , with normal faithful trace τ , into itself. It is known (see [7],
sec.4.3) that the theory of quantum dynamical systems provides convenient
mathematical description of the irreversible dynamics of an open quantum
system. This motivates an interest in the study of conditions for a dy-
namical system to induce approach to a stationary state, of reflect subjects
such as irreducibility (i.e. ergodicity, mixing) and ergodic theorems (see for
example, [2],[9],[13]). By means of given dynamical system α a conjugate
dynamical system α∗ on a predual M∗ of the algebra M can be defined as
follows (α∗ϕ)(x) = ϕ(α(x)), where ϕ ∈ M∗,x ∈ M . It is known [20] that a
predual M∗ of M is isometrically isomorphic to L
1(M, τ), which is a non-
commutative analog of L1-space. Note that the study of limiting behaviors
of α∗ is important since, it will provide towards a proof of some ergodic type
theorems for α. Therefore, in the paper we consider only L1-contractions
of L1(M, τ). Note that such kind of dynamical systems were considered in
[22],[24].
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In the paper we prove an analog of Theorem 1.2 for positive contractions
of L1(M, τ) associated with a finite von Neumann algebra. We think that
this theorem will serve to prove the existence of a stationary state for given
dynamical system. Note that the existence of a stationary state is an actual
problem to study ergodic properties of the quantum dynamical system (see
[12],[14]). As a consequence of our main result we infer that the mixing
property of positive L1-contraction implies completely mixing property one,
i.e. we prove a noncommutative extension of Theorem 1.1. It should be
noted that our results are not valid when von Neumann algebra is semi-
finite.
2. Preliminary
Throughout the paper M would be a von Neumann algebra with the unit
1I and let τ be a faithful normal finite trace on M . Therefore we omit this
condition from the formulation of theorems. Recall that an element x ∈M
is called self-adjoint if x = x∗. The set of all self-adjoint elements is denoted
by Msa. A self-adjoint element p ∈ M is called a projection if p
2 = p. The
set of all projections inM we will denote by ∇. ByM∗ we denote a pre-dual
space to M (see for definitions [7],[23]).
The map ‖ · ‖1 : M → [0, ∞) defined by the formula ‖x‖1 = τ(|x|) is
a norm (see [20]). The completion of M with respect to the norm ‖ · ‖1 is
denoted by L1(M, τ). It is known [20] that the spaces L1(M, τ) and M∗ are
isometrically isomorphic, therefore they can be identified. Further we will
use this fact without noting.
Theorem 2.1. [20] The space L1(M, τ) coincides with the set
L1 = {x =
∫
∞
−∞
λdeλ :
∫
∞
−∞
|λ|dτ(eλ) <∞}.
Moreover,
‖x‖1 =
∫
∞
−∞
|λ|dτ(eλ).
It is known [20] that the equality
L1(M, τ) = L1(Msa, τ) + iL
1(Msa, τ)
is valid. Note that L1(Msa, τ) is a pre-dual to Msa.
Let T : L1(M, τ)→ L1(M, τ) be linear bounded operator. We say that a
linear operator T is positive is Tx ≥ 0 whenever x ≥ 0. A linear operator T
is said to be a contraction if ‖T (x)‖1 ≤ ‖x‖1 for all x ∈ L
1(Msa, τ).
3. Mixing and completely mixing contractions
Let M be a von Neumann algebra with faithful normal finite trace τ . Let
L1(M, τ) be a L1-space. In the sequel by ‖ · ‖ we mean the norm ‖ · ‖1.
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Let T : L1(M, τ)→ L1(M, τ) be a linear contraction. Define
(3.1)
ρ¯(T ) = sup
{
lim
n→∞
‖T n(u− v)‖
‖u− v‖
: u, v ∈ L1(Msa, τ), u, v ≥ 0, ‖u‖ = ‖v‖
}
.
If ρ¯(T ) = 0 then T is called completely mixing. Note that certain proper-
ties of completely mixing quantum dynamical systems have been studied in
[3].
Denote
X = {x ∈ L1(Msa, τ) : τ(x) = 0}.
Recall that a positive contraction T is mixing if for all x ∈ X and y ∈ M
the following condition holds
lim
n→∞
τ(T n(x)y) = 0.
Let T be a positive contraction of L1(M, τ), and let x ∈ L1(M, τ) be such
that x ≥ 0, x 6= 0. We say that T is smoothing with respect to(w.r.t.) x if
for every ε > 0 there exist δ > 0 and n0 ∈ N such that τ(pT
nx) < ε for every
p ∈ ∇ such that τ(p) < δ and for every n ≥ n0. A commutative analog of
this notion was introduced in [25],[15].
Theorem 3.1. Let T : L1(M, τ)→ L1(M, τ) be a positive contraction. As-
sume that there is a positive element y ∈ L1(M, τ) such that T is smoothing
w.r.t. y. Then lim
n→∞
‖T ny‖ = 0 or there is a non zero positive z ∈ L1(M, τ)
such that Tz = z.
Proof. The contractivity of T implies that the limit
lim
ν→∞
‖T ny‖ = α
exists. Assume that α 6= 0. Define λ : Msa → R by
λ(x) = L((τ(xT ny)n∈N))
for every x ∈Msa, here L means a Banach limit (see, [17]). We have
λ(1I) = L((τ(T nx)n∈N)) = lim
ν→∞
‖T nx‖ = α 6= 0,
therefore λ 6= 0. Besides, λ is a positive functional, since for positive element
x ∈Msa,x ≥ 0 we have
τ(xT ny) = τ(x1/2T nyx1/2) ≥ 0,
for every n ∈ N.
For arbitrary x ∈M , we have x = x1 + ix2 and define λ by
λ(x) = λ(x1) + iλ(x2).
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Let T ∗∗ be the second dual of T , i.e. T ∗∗ : M∗∗ → M∗∗. The functional
λ is T ∗∗-invariant. Indeed,
(T ∗∗λ)(x) =< x, T ∗∗λ >=< T ∗x, λ >=
= L((τ(T nyT ∗x)n∈N)) = L((τ(xT
n+1y)n∈N)) =
= L((τ(xT ny)n∈N)) = λ(z).
Let λ = λn+λs be the Takesaki’s decomposition (see [23]) of λ on normal
and singular components. Since T is normal and T ∗∗λ = λ, so using the
idea of [14] it can be proved the equality T ∗∗λn = λn. Now we will show
that λn is nonzero. Consider a measure µ := λ ↾∇. It is clear that µ is an
additive measure on ∇. Let us prove that it is σ-additive. To this end, it is
enough to show that µ(pk)→ 0 whenever pk+1 ≤ pk and pk ց 0, pk ∈ ∇.
Let ε > 0. From pn ց 0 we infer that τ(pn) → 0 as n → ∞. It follows
that there exists kε ∈ N such that τ(pk) < ε for all k ≥ kε. Since T is
smoothing w.r.t. y we obtain
τ(pkT
ny) < ε, ∀k ≥ kε,
for every n ≥ n0. From a property of Banach limit we get
λ(pk) = L((τ(pkT
ny)n∈N) < ε for every k ≥ kε,
which implies µ(pk) → 0 as k → ∞. This means that the restriction of λn
on ∇ coincides with µ. Since
τ(p⊥T ny) > τ(T ny)− ε ≥ inf ‖T ny‖ − ε = α− ε
as ε has been arbitrary, so α − ε > 0, and hence µ(p⊥) > 0 for all p ∈ ∇
such that τ(p) < δ. Therefore µ 6= 0, and consequently, λn 6= 0.
From this we infer that there exists a positive element z ∈ L1(M, τ) such
that
λn(x) = τ(zx), ∀x ∈M.
The last equality and T ∗∗λn = λn yield that
τ(zx) =< x, T ∗∗λn >=< T
∗x, λn >= τ(zT
∗x) = τ(Tzx)
for every x ∈M , which implies that Tz = z. 
Using pre-compactness criterion for a subset of L1(M, τ) (see [23]) one
can prove the following
Lemma 3.2. Let (xn) ⊂ L
1(M, τ), sup
n∈N
‖xn‖ < ∞. Assume that xn → x
∗
weakly. Then for an arbitrary ε > 0 there exist δ > 0 and n0 ∈ N such that
τ(p|xn|) < ε for every p ∈ ∇ such that τ(p) < δ and ∀n ≥ n0.
Corollary 3.3. Let x ∈ L1(M, τ), x ≥ 0. Assume that T nx → x∗ weakly.
Then T is smoothing w.r.t. x.
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Remark 3.1. The proved Theorem 3.1 is a non-commutative analog of
Akcoglu and Sucheston result [1]. But they used weak convergence instead
of smoothing. Lemma 3.2 shows that smoothing condition is less restrictive
than the one they used.
Before proving next theorem let us give the following an auxiliary
Lemma 3.4. Let x ∈ L1(M, τ). If the inequality
(3.2) τ(xy) ≥ 0
is valid for every y ≥ 0, y ∈M . Then x ≥ 0.
Proof. . The following is given x = x+ − x−. Let
x =
∫
∞
−∞
λdeλ
be the spectral resolution of x. Set
p =
∫ 0
−∞
deλ.
Then according to (3.2) one gets τ(xp) ≥ 0. On the other hand we have
xp = −x−, hence τ(x−) ≤ 0, since x− ≥ 0 and τ is faithful we infer that
x− = 0. Therefore x = x+ ≥ 0. 
From Lemma 3.2 and Theorem 3.1 we find the following
Theorem 3.5. Let T : L1(M, τ)→ L1(M, τ) be a positive contraction such
that |T (x)| ≤ T (|x|) for every x ∈ L1(M, τ),x = x∗. Assume that there
exits no non zero y ∈ L1(M, τ), y ≥ 0 such that Ty = y. If for z ∈
L1(M, τ) the sequence (T nz) converges weakly to some element of L1(M, τ),
then lim
n→∞
‖T nz‖ = 0. In particular, if T is mixing, then T is completely
mixing.
Proof. As in the proof of Theorem 3.1 we assume that
lim
n→∞
‖T nz‖ = α > 0.
Define λ : Msa → R by
λ(x) = L((τ(x|T nz|)n∈N))
for every x ∈ A. Using the same argument as in the proof of Theorem 3.1
one can show that there exists nonzero positive element y ∈ L1(M, τ) such
that
λn(x) = τ(yx), ∀x ∈M.
here λn is the normal part of λ.
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From the property of T we infer
τ(Tyx) = τ(yT ∗x)
= L((τ(|T nz|T ∗x))n∈N)
= L((τ(T |T nz|x))n∈N)
≥ L((τ(|T n+1z|x))n∈N) = τ(yx)
for all x ≥ 0. Hence, for every x ≥ 0 we have
τ((Ty − y)x) ≥ 0.
According to Lemma 3.4 we infer that Ty ≥ y. Since T is a contraction
one gets Ty = y. But this contradicts to the assumption of theorem. 
Remark 3.2. The proved theorem is an non-commutative analog of The-
orem 1.1. Certain similar results has been obtained in [19],[10] for quantum
dynamical semigroups in von Neumann algebras.
Corollary 3.6. Let α : M → M be a normal Jordan automorphism such
that there exits no non zero y ∈ L1(M, τ), y ≥ 0 such that α∗y = y, where
α∗ is the conjugate operator to α. If for z ∈ L1(M, τ) the sequence ((α∗)nz)
converges weakly to some element of L1(M, τ), then lim
n→∞
‖(α∗)nz‖ = 0.
The proof immediately comes from Theorem 3.5 since for Jordan auto-
morphisms the equality |α(x)| = α(|x|) is valid for all x ∈Msa (see [7]).
Remark 3.3. Note that analogous theorem has been recently proved by
A.Katz [16] for automorphisms of an arbitrary von Neumann algebra. Corol-
lary 3.6 extends his result to Jordan automorphisms of finite von Neumann
algebras. Here it should be also noted that linear mappings of von Neumann
algebras which satisfy the condition |α(x)| = α(|x|) have been studied in [21].
Remark 3.4. It should be noted that Theorems 3.1 and 3.5 are not valid
if a von Neumann algebra is semi-finite. Indeed, let B(ℓ2) be the algebra
of all linear bounded operators on Hilbert space ℓ2. Let {φn},n ∈ N be a
standard basis of ℓ2, i.e.
φn = (0, · · · , 0, 1︸ ︷︷ ︸
n
, 0 · · · ).
The matrix units of B(ℓ2) can be defined by
eij(ξ) = (ξ, φi)φj , ξ ∈ ℓ2, i, j ∈ N.
A trace on B(ℓ2) is defined by
τ(x) =
∞∑
k=1
(xφk, φk).
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By ℓ∞ we denote a maximal commutative subalgebra generated by elements
{eii : i ∈ N}. Let E : B(ℓ2)→ ℓ∞ be the canonical conditional expectation
(see [23]). Define a map s : ℓ∞ → ℓ∞ as follows: for every element a ∈ ℓ∞,
a =
∞∑
k=1
akekk put
s(a) =
∞∑
k=1
akek+1,k+1.
Define T : B(ℓ2) → B(ℓ2) as T (x) = s(E(x)), x ∈ B(ℓ2). It is clear
that T is positive and τ(T (x)) ≤ τ(x) for every x ∈ L1(B(ℓ2), τ) ∩ B(ℓ2),
x ≥ 0. Hence, T is a positive L1-contraction. But for this T there is no
non zero x such that Tx = x. Moreover, for every y ∈ L1(B(ℓ2), τ) we have
lim
n→∞
‖T ny‖1 6= 0.
acknowledgements
The first named author (F.M.) thanks TUBITAK-NATO PC-B programme
for providing financial support and Harran University for kind hospitality
and providing all facilities. The authors would like to thank Prof. V.I.Chilin
from National University of Uzbekistan, for valuable advice on the subject.
The work is also partially supported by Grant Φ-1.1.2 Rep. Uzb.
The authors also express their gratitude to the referee’s helpful comments.
References
1. M. Akcoglu, L.Sucheston, On operator convergence in Hilbert space and in Lebesgue
space, Period. Math. Hungar. 2 (1972), 235–244.
2. S.Albeverio, R.Høegh-Krohn, Frobenius theory for positive maps of von Neumann
algebras, Comm. Math. Phys. 64 (1978), 83–94.
3. W.Arveson, G.Price, Infinite tensor products of completely positive semigrpups, J.
Evolution Eq. 1 (2001), 221–242.
4. D. Berend, M.Lin, J.Rosenblatt, A.Tempelman, Modulated and subsequential ergodic
theorems in Hilber and Banach spaces, Ergod. Th. and Dynam. Sys. 22 (2002), 1653–
1665.
5. V.Bergelson, I.Kornfeld, A.Leibman, B.Mityagin, A Krengel type theorem for finitely
generated nilpotent groups, Ergod. Th. Dynam. Sys. 21 (2001), 1359–1369.
6. J.R.Blum, D.L.Hanson, On the mean ergodic theorem for subsequences, Bull.Amer.
Math. Soc. 66 (1960), 308–311.
7. O. Bratteli, D.W. Robinson, Operator algebras and quantum statistical mechanics, I,
New York Heidelberg Berlin:Springer, 1979.
8. E. Yu. Emel’yanov, Invariant densities and mean ergodocity of Markov operators,
Israel J. Math. 136 (2003), 373–379.
9. F.Fagnola, R.Rebolledo, On the existance of stationary states for quantum dyanamical
semigroups, Jour. Math. Phys. 42 (2001), 1296–1308.
10. F.Fagnola, R.Rebolledo, Transience and recurrence of quantum Markov semigroups.
Probab, Theory Relat. Fields 126 (2003), 289–306.
11. H.Fong, L.Suchaston, On a mixing property of operators in Lp-spaces, Z. Wahr. Verw.
Gebiete 28 (1974), 165–171.
ON MIXING AND COMPLETELY MIXING PROPERTIES 9
12. A.Frigerio, Stationary statesof quantum dynamical semigroups, Comm. Math. Phys.
63 (1978), 269–276.
13. R.Jajte, Strong linit theorems in non-commutative probability, Lecture Notes in Math.
vol. 1110, Berlin-Heidelberg: Springer 1984.
14. R.Jajte, On the existence of invariant states in W ∗-algebras, Bull. Polish Acad. Sci.
Math. 34 (1986), 617–624.
15. T. Komorowski, J. Tyrcha, Asymtotic properties of some Markov operators, Bull.
Polish Acad. Sci. Math. 37 (1989), 220–228.
16. A. A. Katz, One property of the weak convergence of operators iterations in von Neu-
mann algebras, Vladikavkaz Math. Jour. 5 (2003), 2, 34–35.
17. U. Krengel, Ergodic Theorems, Walter de Gruyter, Berlin-New York, 1985.
18. U.Krengel, L.Sucheston, On mixing in infinite measure spaces, Z. Wahr. Verw. Gebiete
13 (1969), 150–164.
19. A. Luczak, Qantum dynamical semigroups in strongly finite von Neumann algebras,
Acta Math. Hungar. 92 (2001) 11–17.
20. E. Nelson, Note on non-commutative integration, J. Funct. Anal. 15 (1974), 103–117.
21. M. Radjabalipour, Additive mapping on von Neumann algebras preserving absolute
values, Linear Algebra and its Appl. 368 (2003), 229–241.
22. Z.Suchanski, An L1 extension of stochastic dynamics for irreversible systems, In book:
Lecture Notes in Math. vol. 1391, Berlin-Heidelberg: Springer 1984, pp. 367–374.
23. M. Takesaki, Theory of operator algebras, I, New York-Heidelberg- Berlin: Springer,
1979.
24. F. Yeadon, Ergodic theorems for semifinite von Neumann algebars I, J. London Math.
Soc., II, Ser. 16 (1977), 326–332.
25. R. Zaharopol,G. Zbaganu, Dobrushin coefficients of ergodicity and asymptotically
stable L1-contractions, Jour. Theor. Probab. 99(1999), 885–902.
Farrukh Mukhamedov, Department of Mechanics and Mathematics, National
University of Uzbekistan, Vuzgorodok, 700174, Tashkent, Uzbekistan
E-mail address: far75m@yandex.ru
Seyit Temir, Department of Mathematics, Arts and Science Faculty, Har-
ran University, 63200, S¸anliurfa, Turkey
E-mail address: seyittemir67@hotmail.com
Hasan Akin, Department of Mathematics, Arts and Science Faculty, Harran
University, 63200, S¸anliurfa, Turkey
E-mail address: hasanakin69@hotmail.com
